INTRODUCTION
We have considered in a first paper (Rappaz-Touzani [1] ) the development of a mathematical model and its mathematical analysis for two-dimensional magnetohydrodynamic problems involved in particular in electromagnetic casting processes. The main feature of this problem was the nonlinear coupling bet ween the Navier-S tokes équations and an elliptic équation governing the electromagnetic process. In that paper, we prove that the model admits at least one solution and that this solution is unique if the prescribed total current is small enough.
The present work deals with a numerical method to solve such a nonlinear problem. More precisely, the Navier-S tokes équations are solved by a Standard finite element method that is assumed to satisfy the Babuska-Brezzi condition {cf. Girault-Raviart [2] ) and the electromagnetic problem, which is formulated in the whole plane IR , is solved by a coupled finite element/boundary element procedure, ). The analysis of the coupled numerical scheme is based on the theory developed in Crouzeix-Rappaz [4] , Let us précise the main abstract result we will use in the following : assume we are given two Banach spaces X, Y with respective norms || . || x , || . || y and let us define two mappings
G:X->Y
and T : Y -> X where G is a C 1 -mapping and T belongs to S£(Y\X) where £?(Y\X) dénotes the space of all linear continuous mappings from Y into X equipped with the norm We begin by assuming that TG possesses a fixed point 0 in X, i.e., <P e X is such that
= TG(0).
(1.1)
In order to compute an approximation <P h of <P, we ensure we have got a family of linear operators (T h ) h a ££( Y ; X) with finite dimension ranges and we solve the approximate problems consisting in finding & h e X such that .
(1.2) By using Theorem 3.1 of Crouzeix-Rappaz [4] with F h (X 9 0) = 0 -T h G(0) (here F h is independent of X) and ü h = 0 h , the reader will easily check the following result : THEOREM 
: We assume that the following hypotheses are satisfied :
lim IIT-7*11^.^ = 0.
(
1.3) ( ƒ -TDG( 0)) is art isomorphismfromXontoX, (1.4)
There exist ö > 0, C > 0, such that for all W e X satisfying \\0 -W\\ x ^ S , (1.5) where I is the identity operator in X. Then, there exist e > 0, C > 0 and h 0 > 0 such that for all 0 < h ^ h Q there is a unique 0 h e X satisfying We now introducé some notations concerning the Sobolev spaces that will be used throughout this paper. In the following, we dénote for p 5s 1 by The outline of the paper is as follows : in Section 2, we recall the nonlinear problem to solve and state the continuous problem in an operator form that will be used for numerical approximation. Section 3 sets the approximate problem using appropriate finite dimension spaces. At this point, we shall précise that in order to avoid technical difficulties mainly related to isoparametric finite éléments, we assume we are given abstract finite-dimension subspaces of the spaces in which the continuous problem is defined and assume standard approximability and stability properties on these subspaces. Section 4 is devoted to the approximation of the associated linear problems using standard tools of finite element analysis and to the main convergence resuit of the paper for the nonlinear magnetohydrodynamic problem.
THE CONTINUOUS PROBLEM
Let us first briefly recall the mathematical model (for more details, see [1] The magnetic field b interacts with the electric currents and produces Lorentz forces which cause a motion in the liquid région A o . Since we suppose that the frequency co/2 n is large enough, we admit that only a time-averaged Lorentz force is responsible for the fluid motion which is assumed to be stationary. Denoting by u, p, v, p respectively the velocity, the pressure, the kinematic viscosity and the density of the liquid and by fj Q the magnetic permeability of the vacuüm, by a k the electric conductivity of A k which is assumed to be constant, we can see that u, p depend only on the point x = (JCJ, 
3)
where, in (2. In order to give an approximation of Problem (2.1)-(2.7) we introducé a new formulation of it ; we start by the electromagnetic problem.
Let u dénote a given function of the space H\(Q 0 ) 2 such that V . u = 0. We consider the following problem.
Find (p e 7/f oc ( R 2 ) such that :
where u is zero in the domains Q x and Q 2 . Following Rappaz-Touzani [1] we can prove that this problem has a unique solution that differs by an additive constant from the problem given in [1] . In fact, as mentioned earlier, we do not require hère that 7 0 ( <p ) = 0 but impose, instead, that <p vanishes at the infinity. In order to give a variational formulation of (2.8)-(2.10) that is well adapted to numerical discretization, we represent the function <p\ Q > as a solution of an intégral équation on F. In other words, eqs. (2.9), (2.10) give (cf. Nedelec [5] ) : It is clear that, using (2.9) and eq. (2.10) we obtain X ds = 0. Following Jr [3] , we define the space where the brackets ( .,. ) dénote the duality product between H~ l/2 (F) and H (T) and define the following « reduced » problem.
a(<p,y/)-(X,y/)=\ gy/* dx Vy e H l (Q) , (2.13)
where a* dénotes the complex conjugate of a complex number a. Here above : It is then sufficient to choose 0 < a < min( l/jj 0 coa m , /u 0 coya m 12 K 2 ) in order to guarantee the coerciveness of the form $&.
The sesquilinearity and continuity of M are obvious. Moreover, the conjugate linearity and continuity of the form defined by the right hand side of (2.15) are obvious. The Lax-Milgram theorem gives then the existence and uniqueness of the solution. D
The previous theorem allows us to define a linear and continuous operator : In order to be in the framework of Theorem 1.1 we introducé the notations :
and define the mappings solution (<p, u) . In f act, it is sufficient for this end to take a solution ( 0, u,p,a,fi) of (2.23M2.30) in [ It is then easy to show that there exists a constant C v independent of 7, such that for ail 0 G X :
Moreover we can prove, by using the same technique as in the proof of Theorem4.2 in [1] , that there is another constant C 2 , also independent of J, such that if 0 is a solution of (2.23), then
It follows that for all s > 0, there exists J o > 0 such that if / ^ / 0 and if 0 is a solution of (2.23) then
By writing I-TDG(<P) = (I -W) -T(DG(&) -<S)
and by noticing that / -T* § is an isomorphism from X onto X since T*$ is compact and Ker (/-VS) = {O}, we easily prove that I-TDG (0) is an isomorphism from X onto X when / ^ J o is small enough. D
We shall now be concerned with the numerical approximation of Problem (2.20)-(2.21), or equivalently (2.23). 1)-(3.4) .
THE DISCRETE PROBLEM

In order to introducé a numerical method to solve Problem (2.1)-(2.7). We define W h , M h , V h Q h as finite-dimension subspaces of the spaces
Notice that the discrete problem (3.9)-(3.10) takes account exactly of the nonlinear terms g (<p hJ u h ), H<p h and f H (<p h , u A ) . This is possible since these terms in volve the unknown functions (p h and u h and their derivatives. Consequently if a finite element piecewise polynomial approximation is used, the calculation of these terms requires the intégration of polynomial functions over finite éléments and rational or logarithnuc functions on edges (boundaries of finite éléments). All these calculations can be performed exactly.
As in the continuous case, with the following notations :
X9,q).1* H r)eX, the discrete problem (3.9)-(3.10) becomes :
The remaining part of this paper is devoted to the analysis of Problem (3.9)-(3.10) -or equivalently (3.12) -and the estimation of the error functions <p -(p h and u -n h in suitable norms. For this, Theorem 1.1 will be applied with the notations introduced for Problem (2.23) and Problem (3.12).
We now assume that the solution 0 = (ç>, u) of (2.20)-(2.21) (or equivalently (2.23)) is such that (1.4) is satisfied, i.e., the solution is regular. Let us notice that this hypothesis is not void since it is satisfied in particular when the current intensity J is small enough (see Theorem 2.2). The following section is devoted to checking hypotheses (1.3)-(1.5) under suitable conditions on the spaces W h , M h , V h and Q h and for deriving error estimâtes.
ERROR ESTIMATES
In order to dérive error estimâtes we shall now assume some approximability conditions on the spaces W k , M h , V h and Q h . In fact, to avoid some technical difficulties related to the regularity of boundaries of the domains Q, 2, 1996 Notice that Hypotheses (i), (ii), (iii) and (v) are classical in finite element approximation (cf. [10] , [2] ). They assume the validity of an inverse inequality (in the context of finite element approximation, this means that the mesh is quasi-uniform). Hypothesis (iv) is the classical inf-sup condition for the Stokes équations.
Let us first prove that the solutions of the linear discrete problems (3.5)-(3.6) and (3.7)-(3.8) converge respectively to the solutions of the problems (2.13M2.14) and (2.17)-(2.18). LEMMA Proof : We apply Theorem 1.1 with the notations introduced in (2.22) and (3.11). Clearly, Hypothesis (1.3) holds because of (4.8) and (4.11). Hypothesis (1.4) holds because <3> -(q>, u) is assumed to be a regular solution. The Lipschitz continuity of DG at 0 is obvious and (1.5) holds. It follows that the existence of the unique solution (<p h , u h ) of Problem (3.9)-(3.1O) in a neighborhood of (<p, u) is a conséquence of (1.6).
In order to prove (4.12), we use (1. 
\\(T-T h )G(&)\\ z .
Finally, making use of the bounds (4.8) and (4.10) yields the desired result. D
